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ON COHOMOLOGICAL DIMENSION AND DEPTH UNDER LINKAGE
M. EGHBALI AND N. SHIRMOHAMMADI
ABSTRACT. Some relations between cohomological dimensions and depths of linked ideals are in-
vestigated and discussed by various examples.
1. INTRODUCTION
Throughout this paper, we assume that R is a commutative Noetherian ring and a is an ideal
of R. Let M be an R-module. For an integer i ∈ Z, let Hia(M) denote the ith local cohomology
module of M with respect to a as introduced by Grothendieck (cf. [12] and [2]).
One of the most interested subjects in commutative algebra and related topics is the cohomo-
logical dimension of an ideal. The cohomological dimension of a in R, cd(a, R) is defined as
cd(a, R) = min{i : H
j
a(R) = 0 for all j > i}.
In the light of Grothendieck’s Vanishing Theorem, cd(a, R) ≤ dim R and the equality happens
when (R,m) is a local ring and a is an m-primary ideal. The Hartshorne-Lichtenbaum Vanishing
Theorem provides conditions for cd(a, R) ≤ dim R− 1, where a is not an m-primary ideal. The
cohomological dimension has been studied by several authors; see for instance [10], [13], [17],
[14], [16], [6] and [20].
Let (R,m) be a Gorenstein local ring. Two ideals a and b of R are linked by a Gorenstein ideal
c if a = c : b and b = c : a. Recall that an ideal c is a Gorenstein ideal if R/c is a Gorenstein ring.
From now on we mean a and b are linked when they are linked by a Gorenstein ideal. Iterating
the procedure, we say that an ideal b is in the linkage class of an ideal a if there are ideals c1, . . . , cn
such that b is linked to c1, c1 is linked to c2, ..., and cn is linked to a. If, in addition, n is odd, we say
that b is in the even linkage class of a, that is b is evenly linked to a. In case a is an unmixed ideal
and c ⊂ a is a Gorenstein ideal with ht a = ht c, then a and c : a are linked by c (cf. [19, Proposition
2.2]).
Below, we recall some of the known results about the linkage that will be used in the course of
the paper. We refer the reader to [19] or [21].
Lemma 1.1. Suppose that (R,m) is a Gorenstein local ring, and a and b are two linked ideals of R by a
Gorenstein ideal c.
(a) There exists a short exact sequence 0 −→ KR/a −→ R/c −→ R/b −→ 0, where KR/a denotes
the canonical module of R/a.
(b) If R/a is a Cohen-Macaulay ring, then so is R/b.
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One of the classical and long-standing problems in linkage theory is to determine what kind of
certain properties of ideals which are preserved under linkage. The main purpose of this paper is
to give answer to the following question.
Question 1.2. Suppose that (R,m) is a Gorenstein local ring, and a and b are two linked ideals of
R. When do the equalities depthR/a = depthR/b and cd(a, R) = cd(b, R) hold?
Schenzel [20] has studied the formal local cohomology modules Fia(M) := lim←−n
Him(M/a
nM)
for a finitely generated module M over a local ring (R,m) and i ∈ Z. It is called ith formal local
cohomology of M with respect to a. In the case of a Gorenstein local ring
(1.1) Fia(R)
∼= HomR(H
dimR−i
a (R), E),
where E is the injective hull of R/m (cf. [20, Remark 3.6]). For more information on these kind of
modules and their properties we refrer the reader to [1] and [7].
The first non-vanishing value of Fia(M) is called the formal grade as follows
fgrade(a,M) := inf{i ∈ Z : Fia(M) 6= 0}.
In case (R,m) is a Cohen-Macaulay local ring, then the equality
(1.2) cd(a, R) = dim R− fgrade(a, R)
holds, (cf. [1, Corollary 4.2]).
Recently formal local cohomology has been used as a technical tool to solve some problems,
see for instance [8]. In this paper we use it to give information on the cohomological dimension
of an ideal.
The outline of the paper is as follows. In Section 2, we consider the cohomological dimension
of an ideal and a partial reverse statement of a result of Peskin-Szpiro. In Section 3, we give some
answers to the Question 1.2 sorted below.
For the equality of cohomological dimensions:
• There is an example of a regular local ring possessing two Cohen-Macaulay linked ideals
while their cohomological dimensions are not the same (cf. Example 3.1).
• For a regular local ring of positive characteristic with Cohen-Macaulay linked ideals, we
give an affirmative answer (cf. Theorem 3.8(a)).
• Another positive answer happens for evenly linked squarefree monomial ideals in the
ring k[x1, ..., xn](x1,...,xn) (cf. Theorem 3.8(c)).
For the equality of depths:
• In a Gorenstein local ring, the depths of residue class rings of evenly linked ideals are the
same(cf. Corollary 3.4).
• We give negative answers in Corollary 3.5 and Corollary 3.6.
• In a Gorenstein local ring, every 2-dimensional non Cohen-Macaulay linked ideals pro-
vide an affirmative answer (cf. Corollary 3.7).
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2. SOME REMARKS ON COHOMOLOGICAL DIMENSION
Throughout this section, we assume that (R,m) is a local ring and a is an ideal of R. The first
non-vanishing cohomological degree of the local cohomology modules Hia(R) is well understood.
It is the common length of maximal R-regular sequences in a. The last non-vanishing amount of
local cohomology modules, instead, is more mysterious. In the light of Grothendieck’s Vanish-
ing Theorem, cd(a, R) ≤ dim R and the equality happens when a is an m-primary ideal. In the
following we characterize the last non-vanishing amount of local cohomology modules.
Proposition 2.1. Let a be an ideal of a local ring R and N be a finite R-module. Let t be a positive integer.
Then the following are equivalent:
(a) Hia(N) = 0 for all i > t,
(b) Hia(N) is finite for all i > t,
(c) a ⊆ Rad(0 :R H
i
a(N)) for all i > t.
Proof. The implications (a) =⇒ (b) and (b) =⇒ (c) are clear. In order to prove (c) =⇒ (a), we
argue by induction on d := dimN. For d = 0, the claim is clear. Now assume that d > 0 and
a ⊆ Rad(0 :R H
i
a(N)) for all i > t. We are going to show that H
i
a(N) = 0 for all i > t. First note
that Hia(N/H
0
a(N))
∼= Hia(N) for all i > t(> 0) (cf. [2]). So, we may assume that H
0
a(N) = 0.
Then there exists an N-regular element r in a. Consider the short exact sequence
0→ N
r
→ N → N/rN → 0.
which implies the following long exact sequence
(2.1) · · · → Hia(N)
r
→ Hia(N)→ H
i
a(N/rN)→ H
i+1
a (N)→ · · ·
for all i. In the light of 2.1 and the induction assumption, one can deduce that Hia(N/rN) = 0
for all i > t since dimN/rN = d− 1. Again using 2.1, we have Hia(N) = rH
i
a(N) for all i > t.
As a ⊆ Rad(0 :R H
i
a(N)), one has r
uHia(N) = 0 for some integer u, and so H
i
a(N) = 0 for all
i > t. 
It should be noted that it has been shown in [22, Proposition 3.1] that statements (a) and (b) in
Proposition 2.1 are equivalent.
In the light of Proposition 2.1, we have
cd(a, R) = sup{i | Hia(R) is not finite}
= sup{i | a 6⊆ Rad(0 :R H
i
a(R))}.
In their valuable paper, Peskine-Szpiro (cf. [18, Chap. IV]) have proved the following result.
Remark 2.2. Suppose (R,m) is a regular local ring of positive characteristic and t is a positive
integer. If depthR/a ≥ t, then cd(a, R) ≤ dim R− t.
Proof. The claim is clear by virtue of [8, Remark 3.1] and the equality (1.2). 
Next, we prove a slightly reverse statement of the above mentioned result of Peskin-Szpiro.
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Lemma 2.3. Let R = k[x1, . . . , xn] be a polynomial ring in n variables over a field k with maximal ideal
m := (x1, . . . , xn) and a be a squarefree monomial ideal of R. Assume that t is a non-negative integer. If
cd(a, R) ≤ n− t, then depth R/a ≥ t.
Proof. Since each of the modules is graded, so the issue of vanishing is unchanged under lo-
calization at m. Suppose that cd(a, R) ≤ n − t. This means Hia(R) = 0 for all i > n − t.
Hence, by (1.1) we have F
j
a(R) = 0 for all j < t. So by virtue of [8, Corollary 4.2], we have
depth R/a = fgrade(a, R) ≥ t. 
Corollary 2.4. Suppose that R = k[x1, . . . , xn](x1,...,xn) is a polynomial ring over a field k of positive
characteristic localized at (x1, . . . , xn) with a is a squarefree monomial ideal. Then
(a) If cd(a, R) ≤ cd(b, R), then depth R/a ≥ depthR/b for any ideal b of R.
(b) If depth R/a ≥ depth R/b, then cd(a, R) ≤ cd(b, R) for any squarefree monomial ideal b of R.
(c) cd(a, R) = cd(b, R) if and only if depthR/a = depth R/b for any squarefree monomial ideal b
of R.
Proof. Assume that cd(a, R) ≤ cd(b, R). From Lemma 2.3, the equality (1.2) and [8, Remark
3.1] we have depth R/a ≥ n− cd(b, R) = fgrade(b, R) ≥ depth R/b. This proves (a). In order to
prove (b), assume that depthR/a ≥ depth R/b. To the contrary, suppose that cd(a, R) > cd(b, R).
It implies that n−depth R/a > cd(b, R). This in conjunction with Lemma 2.3 yields depth R/b >
depth R/awhich is a contradiction. Now, (c) follows from (a) and (b). 
3. STABILITY OF COHOMOLOGICAL DIMENSION UNDER LINKAGE
Let a and b be ideals of a local ring (R,m). In this section, we try to find out some conditions
for the stability of cohomological dimension under linkage, i.e. cd(a, R) = cd(b, R)whenever a is
linked to b. It should be noted that the cohomological dimension is not preserved under linkage,
in general. To be more precise, consider the next example.
Example 3.1. Let X = (xij) be the generic 4× 3 matrix and X
′ be the result of dropping the first
two rows from X. Let R = k[X](X) be a polynomial ring over a field k localized at the maximal
ideal (X). Put a := I3(X) (the ideal generated by the 3-minors of X in R) and b := I2(X
′) (the ideal
generated by the 2-minors of X′ in R). By virtue of [9, Proposition 21.24] we see that a and b are
Cohen-Macaulay linked ideals, but cd(a, R) = 4 while cd(b, R) = 3 (cf. [4, Corollary, pp. 440]).
According to Corollary 2.4 and Corollary 4.1 of [8], under certain conditions, we see some
relations between cd(a, R), depthR/a and fgrade(a, R).
One of the technical tools we use to show the stability of cohomological dimension under
linkage is the depth, i.e. we investigate the equality depth R/a = depthR/b. Take into account
that from the stability of depth one can not deduce the stability of cohomological dimension under
linkage, in general, as the following concrete example shows it.
Example 3.2. Let R = k[x0, x1, x2, x3] be a polynomial ring over a field k. Let a = (x0, x1) ∩ (x2, x3)
be the defining ideal of the union of the two skew lines in P3 and b = (x0x3− x1x2, x
3
1− x
2
0x3, x
3
2−
x1x
2
3) be the defining ideal of the twisted quartic curve in P
3. Then it is not hard to show that
a∩ b = (x0x3 − x1x2, x0x
2
2 − x
2
1x3)
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is a complete intersection. Therefore b is linked to a by a ∩ b. Using CoCoA [5], we see that
depth(R/a) = 1 = depth(R/b). But cd(a, R) = 3 and cd(b, R) = 2.
According to the above examples and what we will see in the sequel, the cohomological di-
mension, formal grade and depth are not stable, in general, under linkage.
Proposition 3.3. Suppose that (R,m) is a Gorenstein local ring, and a and b are two linked ideals of R with
t := dim(R/a). Then depth(R/b) = depth(KR/a) − 1 provided that R/a is not a Cohen-Macaulay
ring.
Proof. By the assumption, we have the following exact sequence
0 −→ KR/a −→ R/c −→ R/b −→ 0.
The above exact sequence together with [3, Proposition 1.2.9] yield the following inequalities
depth(KR/a) ≥ min{depth(R/c), depth(R/b) + 1},(3.1)
depth(R/b) ≥ min{depth(KR/a)− 1, depth(R/c)}.(3.2)
Note that, by Lemma 1.1(b), R/b is not Cohen-Macaulay. So using 3.1, one can deduce that
depth(KR/a) ≥ min{t, depth(R/b) + 1} = depth(R/b) + 1. On the other hand, by 3.2, we
have depth(R/b) ≥ min{depth(KR/a) − 1, t} = depth(KR/a) − 1. Therefore depth(R/b) =
depth(KR/a)− 1. 
Corollary 3.4. Suppose that (R,m) is a Gorenstein local ring, and a and b are evenly linked ideals of R.
Then depth(R/a) = depth(R/b).
There exists a Buchsbaum quasi-Gorenstein domain A which is a homomorphic image of a
polynomial ring over a field k with 11 indeterminates such that dim A = 3 and depth A = 2 (cf.
[15]). Recall that a local ring (A, n) is quasi-Gorenstein if Hdim An (A)
∼= EA(A/n) the injective hull
of A/n. Now, we have a prime ideal p in R (a polynomial ring over a field k with 11 indetermi-
nates) with dim(R/p) = 3 and depth(R/p) = 2 such that KR/p ∼= R/p. Put b := x : p, where x is
a maximal regular sequence contained in p. Then b is linked to p. But
depth(R/b) = depth(KR/p)− 1 = 1 6= 2 = depth(R/p),
where the first equality follows by Proposition 3.3.
This example encouraged us to bring the following corollaries.
Corollary 3.5. Suppose that a is an unmixed, non Cohen-Macaulay and quasi-Gorenstein ideal in the
Gorenstein ring (R,m). Further assume b is an ideal linked to a. Then depth(R/b) = depth(R/a)− 1.
Corollary 3.6. Suppose that a is an unmixed, non Cohen-Macaulay and Buchsbaum ideal in the Goren-
stein ring (R,m). Suppose that KR/a is Cohen-Macaulay and dim(R/a) > 2. Further assume that b is
an ideal linked to a. Then depth(R/b) > 1 = depth(R/a).
Proof. First, note that by [11, Theorem 5.4] we have Him(R/a) = 0 for all 1 < i < dim(R/a). Then
depth(R/a) = 1. On the other hand, one has
depth(R/b) = depth(KR/a)− 1 = dim(KR/a)− 1 > 1.
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This completes the proof. 
As a consequence of Proposition 3.3 we derive the following result for the equality of depth
under linkage. It shows that the equality of depth in Example 3.2 is not haphazard.
Corollary 3.7. Suppose that (R,m) is a Gorenstein local ring, and a and b are two linked ideals of R with
dim(R/a) = 2. Then depth(R/b) = depth(R/a) = 1 whenever R/a is not Cohen-Macaulay.
Proof. As KR/a = Hom(R/a, R/x), where x is a maximal regular sequence in a, then by [3, Exer-
cise 1.4.19] we can see that
2 ≥ depth(KR/a)
≥ min{2, depth(R/x)}
= min{2, dim(R/x)} = 2.
So by Proposition 3.3 we have depth(R/b) = 1. With a similar argument we get depth(R/a) =
1. 
Theorem 3.8. Suppose that a and b are ideals of a local ring (R,m).
(a) Further assume (R,m) is a regular local ring of positive characteristic and a is linked to b. If R/a
is a Cohen-Macaulay ring, then cd(a, R) = cd(b, R).
(b) Assume that R = k[x1, . . . , xn](x1,...,xn) is a polynomial ring over a field k of positive characteristic
localized at (x1, . . . , xn) with a is a squarefree monomial ideal. If a is evenly linked to b, then
cd(b, R) ≤ cd(a, R).
(c) Assume that R = k[x1, ..., xn](x1,...,xn) is a polynomial ring over a field k localized at (x1, . . . , xn).
If a and b are two evenly linked squarefree monomial ideals, then one has cd(a, R) = cd(b, R).
Proof. (a) Our assumptions in conjunction with [8, 3.1] prove the assertion.
(b) As a is a square free monomial ideal, then [8, 4.2] implies that depthR/a = fgrade(a, R). Since
a is evenly linked to b then depth R/a = depth R/b (cf. Corollary 3.4). Now, the claim follows by
[8, 3.1] and the equality (1.2).
(c) The claim follows by Corollary 3.4 and [8, Theorem 4.2]. 
It is noteworthy to say that assumptions in Theorem 3.8(a) are not too much as we have seen
in Example 3.1.
Remark 3.9. Suppose that a is an ideal in a regular local ring (R,m) of positive characteristic in a
linkage class of a complete intersection ideal. Immediately, it follows from Theorem 3.8(a) that
ht a = cd(a, R), that is a is a cohomologically complete intersection ideal.
Acknowledgment. The authors are deeply grateful to Professor K. Divaani-Aazar for careful
reading of the first draft of the paper and useful comments.
REFERENCES
[1] M. Asgharzadeh and K. Divaani-Aazar, Finiteness properties of formal local cohomology modules and Cohen-Macaulayness,
Comm. Alg. 39, no. 3, 1082–1103 (2011).
ON COHOMOLOGICAL DIMENSION AND DEPTH UNDER LINKAGE 7
[2] M. Brodmann and R. Y. Sharp, Local cohomology: an algebraic introduction with geometric applications, Cambridge Univ.
Press, 60, Cambridge, (1998) .
[3] W. Bruns and J. Herzog, Cohen–Macaulay rings, Rev. ed. Cambridge Studies in AdvancedMathematics 39, Cambridge,
Cambridge University Press (1998).
[4] W. Bruns and R. Schwa¨nzl, The number of equations defining a determinantal variety , Bull. LondonMath. Soc. 22, 439–445
(1990).
[5] CoCoATeam, CoCoA: a system for doing Computations in Commutative Algebra, Available at http://cocoa.dima.unige.it.
[6] K. Divaani-Aazar, R. Naghipour and M. Tousi, Cohomological dimension of certain algebraic varieties, Proc. Amer. Math.
Soc. (130)12, 3537–3544 (2002).
[7] M. Eghbali, On Artinianness of Formal Local Cohomology, Colocalization and Coassociated Primes, to appear in Math.
Scand.
[8] M. Eghbali, On set theoretically and cohomologically complete intersection ideals, Preprint, ArXiv:1211.5942[math.AC].
[9] D. Eisenbud, Commutative Algebra (With a View Towards Algebraic Geometry), Springer-Verlag, (1995).
[10] G. Faltings, U¨ber lokale Kohomologiegruppen hoher Ordnung, J. Reine Angew. Math. 313, 43–51 (1980).
[11] Sh. Goto and Y. Shimoda, On Rees algebras over Buchsbaum rings, J. Math. Kyoto Univ. (20)4, 691–708 (1980).
[12] A. Grothendieck, Local cohomologyg, Notes by R. Hartshorne, Lect. Notes in Math., 20, Springer, (1966).
[13] R. Hartshorne, Cohomological dimension of algebraic varieties, Annals of Math. 88, 403–450 (1968).
[14] R. Hartshorne and R. Speiser, Local cohomological dimension in characteristic p, Annals of Math. 1052, 45–79 (1977).
[15] M. Hermann and N. V. Trung, Examples of Buchsbaum quasi-Gorenstein rings, Proc. Amer. Math. Soc. V. 117, 619-625
(1993).
[16] C. Huneke, G. Lyubeznik, On the vanishing of local cohomology modules, Inv. Math. 102 73–93 (1990).
[17] A. Ogus, Local cohomological dimension, Annals of Math. 982, 327–365 (1973).
[18] C. Peskine and L. Szpiro, Dimension projective finie et cohomologie locale, Publ. Math. I.H.E.S., 42, 323–395 (1973).
[19] P. Schenzel, Notes on liaison and duality, J. Math. Kyoto Univ., 22(3), 485–498 (1982).
[20] P. Schenzel, On formal local cohomology and connectedness, J. Algebra, 315(2), 894–923 (2007).
[21] J. Stu¨ckrad and W. Vogel, Buchsbaum Rings and Applications, VEB Deutscher Verlag der Wissenschaften, Berlin, Ger-
many, (1986).
[22] K. I. Yoshida, Cofiniteness of local cohomology modules for ideals of dimension one, Nagoya Math. J. 147, 179-191 (1997).
SCHOOL OF MATHEMATICS, INSTITUTE FOR RESEARCH IN FUNDAMENTAL SCIENCES (IPM), P. O. BOX: 19395-5746,
TEHRAN-IRAN
E-mail address: m.eghbali@yahoo.com
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TABRIZ, TABRIZ, IRAN.
E-mail address: shirmohammadi@tabrizu.ac.ir
